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Abstract

This paper considers the basic thermodynamic optimization problem of extracting the most power from a stream

of hot exhaust when the contact heat transfer area is ®xed. It shows that when the receiving (cold) stream boils in
the counter¯ow heat exchanger, the thermodynamic optimization consists of locating the optimal capacity rate of
the cold stream. At the optimum, the cold side of the heat transfer surface divides itself into three sections: liquid
preheating, boiling and vapor superheating. Numerical results are developed for a range of design parameters of

applications with either water or toluene on the cold side. It is shown that the optimal design is robust, because
several of the design parameters have only a weak e�ect on the optimal design. # 1999 Elsevier Science Ltd. All
rights reserved.

1. Introduction

In this paper we consider the basic thermodynamics

problem of how to extract maximum mechanical

power from a stream of hot exhaust. The problem is

stated graphically on the left side of Fig. 1. Given is

the single-phase stream of hot exhaust, which has the

mass ¯ow rate m
.
and the initial temperature TH. This

¯uid behaves as an ideal gas with nearly constant cP.

The temperature of this stream decreases as it serves as

heat input to a power plant. The objective is to maxi-

mize the power output _W , or to minimize the total

rate of entropy generation of the power plant.

In most power plant designs today, the component

that receives the heat input is the duct that carries the

working ¯uid (e.g., water) of the power plant, i.e., the

¯uid that later completes the power cycle. This com-

ponent is highlighted on the right side of Fig. 1. The

mass ¯ow rate of this second stream, m
.
w, is not ®xed.

The transfer of heat from the hot gas to the water

stream occurs across a heat transfer surface of area A,

which is ®xed. The temperature di�erence across this

surface is responsible for the irreversibility of the m
.
/m
.
w

heat exchanger: this irreversibility leads to a decrease

in the power output of the plant. In order to isolate

and minimize the stream-to-stream heat transfer irre-

versibility, we model the rest of the power plant as a

reversible compartment. The pressure drops experi-

enced by m
.
and m

.
w are assumed negligible.

The thermodynamic optimization problem amounts

to ®nding the best `match' between m
.
and m

.
w, across

A. This problem is challenging for several reasons.

First, the water stream may experience a change of

phase (vaporization) over an intermediate section of

the heat exchanger, where the water temperature

remains constant. In this case the spatial distribution

of the m
.
w stream temperature exhibits sharp changes

in slope (e.g., Fig. 2 later in this paper), and cannot be
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forced to match the smooth distribution of the hot-gas

temperature.
The second complication is introduced by the heat

transfer surface A. The heat transfer coe�cient is fairly

easy to predict for the hot side of A, because the m
.

stream is single-phase, and the heat transfer character-
istics of ideal gases are well known. On the cold side,

the heat transfer surface is actually a succession of
three sections, the surface Aw over which the liquid
water is heated to the boiling point, the surface Ab

over which the m
.
w stream boils, and ®nally, the surface

As that superheats the steam. The simplicity of the
total heat transfer surface constraint

A � Aw � Ab � As �1�

is deceiving, because the cold side of each section has
its own heat transfer coe�cient. This means that each
section is also characterized by distinct overall (stream-
to-stream) heat transfer coe�cient, namely Uw over

the Aw section, Ub over the boiling section Ab, and Us

over the superheating section As.
The third complication is the heart of the thermo-

dynamic optimization problem: the ¯ow rate m
.
w is not

speci®ed. How fast should the power-plant working
¯uid be circulated through the heat exchanger? To see

the importance of this question, consider the two
extremes. In the limit m

.
w 4 0, the ®nal temperature

reached by the water steam is maximum (TH), but the

exergy ¯ow rate carried by this stream vanishes

because m
.
w vanishes. Consequently, _W approaches

zero because its only exergy source is the exergy

brought by the m
.
w stream into the reversible compart-

ment. In the opposite limit, m
.
w 41, the ®nal tem-

perature of the water stream is nearly equal to its

initial temperature. Consequently, the ¯ow exergy

acquired by the m
.
w stream approaches zero, and so

does the power output _W . These asymptotes suggests

that there might exist an intermediate ¯ow rate m
.
w

that optimizes the match between the hot exhaust and

the power plant.

The following analysis describes our search for this

optimal match. We seek more than the optimal ratio

m
.
w/m

.
for a given set of constraints (A, Uw, Ub, Us,

TH, T0). More important is the strategy that we must

follow in order to minimize the entropy generated

during the stream-to-stream interaction. Strategy

means how to distribute the stream-to-stream irreversi-

bility (e.g., temperature gaps) in space, and how to

allocate A among the three sections (Aw, Ab, As).

Strategy also requires an understanding of the `robust-

ness' of the optimization results that will be deter-

mined. Are these results sensitive to changes in every

single constraint and parameter? For example, one

parameter is the type of working ¯uid (Section 6). The

constrained parameters that have the greatest impact

on the thermodynamic optimum are the most import-

Nomenclature

a, b dimensionless groups of thermophysical
properties, Eqs. (35) and (36)

A area, m2

cs speci®c heat of steam at constant press-
ure, J/kg K

cs average speci®c heat of steam at constant

pressure, J/kg K
cP speci®c heat of hot gas at constant press-

ure, J/kg K

cw speci®c heat of liquid water, J/kg K
ex speci®c ¯ow exergy, J.kg
hfg speci®c latent heat, J/kg
m
.

mass ¯ow rate of hot gas, kg/s

m
.
w mass ¯ow rate of cold stream, kg/s

M ratio of mass ¯ow rates, Eq. (38)
N number of heat transfer units

P pressure, Pa
_Q 0 rate of heat rejection to the ambient, W
_Q e heat transfer rate during thermal mixing

with the ambient, W
s speci®c entropy, J/kg K
_Sgen entropy generation rate, W/K

T temperature, K
T0 ambient temperature, K
U overall heat transfer coe�cient, W/m2 K
_W power, W
x, y area fractions, Eq. (25)

Greek symbols

E heat exchanger e�ectiveness
ZII second law e�ciency
m, m ' ratios of capacity rates, Eqs. (5) and (12)

t dimensionless temperature, T/T0

Subscripts
b boiling section
f saturated liquid

g saturated vapor
H hot stream inlet
out hot stream outlet

s superheated steam
w liquid stream
1, 2, 3, 4 states de®ned on Fig. 2
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ant, and to identify them and their impact early is the
best strategy.

2. Heat transfer analysis

The method of entropy generation minimization
(EGM) combines thermodynamics with the transport
(heat transfer) characteristics of the irreversible system.

The objective of the heat transfer analysis is to deter-
mine a meaningful relationÐa functionÐbetween the

entropy generation rate and the physical parameters
and constraints of the modeled system (e.g., ®nite
sizes, materials). In the end, this function is used in

order to determine the optimal physical characteristics
that lead to minimum entropy generation at the system
level.

The heat transfer analysis of the heat exchanger
formed by m

.
and m

.
w can be outlined with reference to

Fig. 2. The hot gas stream and the water stream run in
counter¯ow. We assume that the water enters as a sub-

cooled liquid (T1, P1). When the water ¯ow rate is suf-
®ciently small, the water stream boils completely and is
superheated before leaving the heat exchanger (T2, P2).

In this case the three sections of the water side of the
heat transfer surface divide the system into three
sequential counter¯ow heat exchangers. These are indi-

cated by Aw, Ab and As in Fig. 2.
The heat transfer functioning of each heat exchanger

is described by the classical e�ectivenessÐNTU re-

lations [1]. Proceeding from left to right in Fig. 2, we
start with the superheater (Th, T3, Tb, T2) for which
the e�ectiveness relations are

Es � 1ÿ exp�ÿNs�1ÿ m��
1ÿ m exp�ÿNs�1ÿ m�� �2�

Fig. 1. The extraction of power from a stream of hot exhaust.

Fig. 2. The two temperature distributions along the three sec-

tions of the counter¯ow heat exchanger of Fig. 1(b).
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Es � TH ÿ T3

m�TH ÿ Tb� �3�

Es � T2 ÿ Tb

TH ÿ Tb

�4�

where

m � _mwcs

_mcP

Ns � UsAs

_mwcs

�5�

and cs is the speci®c heat at constant pressure for

steam. According to heat exchanger theory, Eqs. (2)±
(5) are valid when the hot gas has the larger capacity
rate, i.e., when m < 1. The opposite case (m> 1) is

described by a similar set of equations, which are
omitted here for the sake of conciseness. Continuing
with Eqs. (3) and (4), we can express T3 and T2 as
functions of the extreme end temperatures:

T3 � TH ÿ mEs�TH ÿ Tb� �6�

T2 � Tb � Es�TH ÿ Tb� �7�
In the boiling section the temperature on the cold

side is uniform, Tb. The e�ectiveness±NTU formu-
lation for this section is represented by [1]

Eb � 1ÿ exp�ÿNb� �8�

T4 � T3 ÿ Eb�T3 ÿ Tb� �9�
where

Nb � UbAb

_mcP

�10�

The ®rst law of thermodynamics for the boiling sec-

tion, m
.
whfg=m

.
cP(T3ÿT4), yields a second relation

between T3 and T4:

T3 ÿ T4 � m
hfg

cs

�11�

Finally, in the water preheating section the capacity
rates are m

.
cP and m

.
wcw, where cw is the speci®c heat

of liquid water. We de®ne the capacity rate ratio

m 0 � _mwcw

_mcP

� m
cw

cs

�12�

and assume that m '< 1. The e�ectiveness±NTU form-

alism reduces to

Ew � 1ÿ exp�ÿNw�1ÿ m 0��
1ÿ m 0 exp�ÿNw�1ÿ m 0�� �13�

Tout � �1ÿ m 0Ew�T4 � m 0EwT1 �14�

T4 � T1 � 1

Ew

�Tb ÿ T1� �15�

where

Nw � UwAw=� _mwcw� �m 0 < 1� �16a�

Nw � UwAw=� _mcP� �m 0 > 1� �16b�
In summary, the complete heat exchanger is

described by a total of nine equations: three e�ective-

ness±NTU equations [namely, Eqs. (2), (8) and (13)]
plus six equations containing the end temperatures of
the three sections [namely, Eqs. (6), (7), (9), (11), (14),

and (15)]. The latter can be made dimensionless by
referencing all the temperatures to the ambient tem-
perature (ti=Ti/T0):

t3 � tH ÿ mEs�tH ÿ tb� �17�

t2 � tb � Es�tH ÿ tb� �18�

t4 � t3 ÿ Eb�t3 ÿ tb� �19�

t3 � t4 � m
hfg

csT0
�20�

tout � �1ÿ m 0Ew�t4 � m 0Ewt1 �21�

t4 � t1 � �tb ÿ t1�=Ew �22�

To this system of nine equations we add the total sur-

face constraint (1), which now reads

N � mNs � Us

Ub

Nb � m 0
Us

Uw

Nw �m < 1, m 0 < 1� �23a�

N � mNs � Us

Ub

Nb � Us

Uw

Nw �m < 1, m 0 > 1� �23b�

where

N � UsA

_mcP

, constant �24�

In the numerical implementation of this analysis, it is

convenient to account for the constraint (23) by intro-
ducing the area fractions

x � As

A
y � Ab

A
1ÿ xÿ y � Aw

A
�25�

such that x=mNs/N, y=(Us/Ub)Nb/N and
1ÿxÿy=m '(Us/Uw)Nw/N, when both m and m ' are less
than 1.

J.V.C. Vargas et al. / Int. J. Heat Mass Transfer 43 (2000) 191±201194



3. Entropy generation analysis

There is more than one way in which thermody-
namic optimization can be performed. Consider the
`aggregate' system that contains absolutely all the com-

ponents that are situated at temperatures above T0.
This system includes what is shown in Fig. 1(a) plus
the external course followed by m

.
as it is dumped into

the ambient. During this external thermal mixing, the
hot gas transfers _Q e=m

.
(houtÿh0) into the atmosphere,

where the subscript ( )0 indicates thermomechanical

equilibrium with the environment (the restricted dead
state [2]). The ®rst law and the second law for the
steady-state operation of the aggregate system are

_W � _m �hH ÿ h0� ÿ _Q 0 ÿ _Q e �26�

_S gen �
_Q 0 � _Q e

T0
� _m �s0 ÿ sH�r0 �27�

By eliminating ( _Q0+ _Q e) between these two statements
we obtain

_W � _mex, H ÿ T0
_S gen �28�

where ex,H is the initial speci®c ¯ow exergy of the hot
gas, ex,H=(hHÿT0sH)ÿ(h0ÿT0s0). The ®nal ¯ow exergy
of the m

.
stream is zero, by de®nition, because at that

state m
.
reaches thermomechanical equilibrium with the

ambient.
Eq. (28) shows that the power output is equal to the

¯ow exergy decrease experienced by the hot stream,

minus the product T0
_Sgen which represents the

destroyed exergy. The latter is located in a region con-
taining the m

.
/m
.
w heat exchanger and the external por-

tion where m
.

is cooled down to T0. To calculate
T0

_Sgen, we write the ®rst law and the second law for
this region

_m �hH ÿ h0� ÿ _mw�h2 ÿ h1� ÿ _Q e � 0 �29�

_S gen � _m �s0 ÿ sH� � _mw�s2 ÿ s1� �
_Q e

T0
r0 �30�

and eliminate _Q e between Eqs. (29) and (30),

T0
_S gen � _mex, H ÿ _mw�ex, 2 ÿ ex, 1� �31�

Eq. (31) shows that the destroyed exergy is the di�er-

ence between the exergy brought in by the hot gas and
the exergy picked up by the water stream. If we elimin-
ate T0

_Sgen between Eqs. (28) and (31) we obtain

_W � _mw�ex, 2 ÿ ex, 1� �32�

which states that the power output is equal to the net

¯ow of exergy into the reversible compartment shown
in Fig. 1(b). Eq. (32) could have been obtained directly

by writing the ®rst law and the second law for that
compartment alone.
The maximization of _W can be pursued by using

either Eq. (28) or Eq. (32). In the former, _W maximi-
zation is achieved through the minimization of the
total entropy generation rate, where _Sgen is calculated

based on Eq. (30). The second alternative, Eq. (32), is
considerably more direct: _W can be maximized by
simply maximizing the ¯ow exergy picked up by the

second stream. Since the properties at State 1 are
usually ®xed by the ambient, or by the design of the
power cycle (for example, T1 is the condensation tem-
perature), the maximization of _W requires the maximi-

zation of the exergy ¯ow rate registered at State 2.
This alternative was selected in our numerical work,
because it is the simplest.

The proper dimensionless measure of the thermo-
dynamic optimum is the maximum reached by the sec-
ond law e�ciency

ZII �
_W

_mex, H

� _mw�ex, 2 ÿ ex, 1�
_mex, H

�33�

The ¯ow exergy change experienced by the water
stream is evaluated by considering the three parts of

the heat exchanger, ex,2ÿex,1=(ex,2ÿex,g)+(ex,gÿex,f)+
(ex,fÿex,1), where ex=hÿT0s. Eq. (33) can be developed
into

ZII �
m�a� b�

tH ÿ 1ÿ ln tH

�34�

where a and b are functions that depend on the model

adopted for the properties of steam:

a � t2 ÿ tb ÿ ln
t2
tb

�steam as an ideal gas� �35a�

a � h2 ÿ hg

�c sT0
ÿ s2 ÿ sg

�c s

�tabulated steam properties�
�35b�

b � hfg

�c sT0

�
1ÿ 1

tb

�
� cw

�c s

�
tb ÿ t1 ÿ ln

tb

t1

�
�36�

The speci®c heat of liquid water was based on tabu-
lated data [3] and evaluated at the boiling point,
cw=cw(Tb). The speci®c heat at constant pressure of

steam was taken as the average of the tabulated values
corresponding to the inlet and outlet of the steam sec-
tion of the heat exchanger, c-s=(1/2)[cs(T2)+cs(Tb)].
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4. Results for water as the cold stream

Fig. 3a±c shows the actual temperature distribution

along the heat exchanger, as the two streams sweep the

total area A. This ®rst set of results is for orientation,

and is based on the simplifying assumption that the

overall heat transfer coe�cient has the same value in

each of the three sections of the heat exchanger,

Us � Ub � Uw �37�

The dimensional end-temperatures for which this ®gure
was constructed correspond to a water stream at 100
bar, which enters as condensate at T1=537 K and

boils at Tb=584 K. The inlet temperature of the hot
gas is TH=1193 K, and the ambient temperature is
T0=298 K. The exponential shapes of the segments of

Fig. 3. The e�ect of the heat transfer area size on the match between the temperature distributions of the two streams.
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the temperature curves follow from the classical sol-
ution for counter¯ow heat exchangers in the e�ective-
ness±NTU formulation. The three graphs of Fig. 3
show that the temperature gap becomes narrower

when the overall size of the heat exchanger (N )
increases. This e�ect is analyzed further in Fig. 6.
Each of the frames of Fig. 3 was drawn for a ®xed

mass ¯ow rate ratio,

M � _mw

_m
� m

cP

�c s

�38�

We found that if we vary M the temperature distri-
butions shift, and the second law e�ciency exhibits a
maximum at a certain value, Mopt. This e�ect is illus-
trated in Fig. 4, which also shows that the model

adopted for steam properties has a noticeable e�ect on
the optimum (ZII,max, Mopt). The numerical results dis-
cussed next are based on the tabulated properties of

steam. Note that each frame of Fig. 3 was drawn for
the M value that maximizes the second law e�ciency
when N, tH, tb and t1 are ®xed.

The same e�ect is pursued further in Fig. 5, where
the ordinate shows how the total contact area A is
divided between the three sections of the heat ex-
changer. The sections occupied by liquid water and

two-phase ¯ow increase as M increases, and when M
exceeds 0.378 the steam section disappears completely.
In the case documented in Figs. 3±5 the thermody-

namic optimum occurs when all three sections are pre-
sent, as shown in Fig. 3. The optimum is indicated by
the dashed line drawn at Mopt=0.234 in Fig. 5.

The existence of the thermodynamic optimumÐthe
optimal ratio MÐis fundamental. It means that any
stream can be matched optimally to another stream,

such that most of the exergy carried originally by the

hot stream is captured by the cold stream. In the next

phase of this study we examined systematically the

e�ect of the boundary parameters of the arrangement.

The purpose of this sensitivity study was to identify

the parameters that do not in¯uence the thermody-

namic optimum signi®cantly. In other words, we

wanted to document the robustness of the results that

are based on the optimization of a single case.

This work begins with Fig. 6, which shows how the

optimum responds to changes in the overall size of the

heat transfer area (N ). The key observation concerns

ZII,max and Mopt: the optimal thermodynamic perform-

ance is practically insensitive to changes in N when N

is sensibly greater than ®ve. The relative allocation of

Fig. 4. The maximization of thermodynamic performance by

selecting the mass ¯ow rate of the water stream, or the ratio

M=m
.
w/m

.
.

Fig. 5. The e�ect of the water mass ¯ow rate on the allocation

of area among the three sections of the heat exchanger.

Fig. 6. The e�ect of the total heat exchanger size (N ) on the

thermodynamic optimum, and on the allocation of heat trans-

fer area.
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heat transfer area continues to respond to increases in
N: the area fraction swept by liquid water, Aw (or
1ÿxÿy ), increases monotonically at the expense of

both Ab and As. The area fraction allocated to the
steam section exhibits a maximum at N33.18.

The e�ect of varying the inlet temperature of the
water stream is reported in Fig. 7. The e�ect of t1 on
both ZII,max and Mopt is very weak. We conclude that

the thermodynamic optimum is robust relative to
changes in t1. On the other hand, the relative allo-
cation of contact surface is sensitive to t1: the liquid±

water area decreases monotonically as t1 increases,
while Ab and As increase monotonically.
Fig. 8 shows the e�ect of the high temperature tH

on the thermodynamic optimum. All the optimized
parameters respond to changes in tH. Most signi®cant

is the optimal mass ¯ow rate ratio Mopt, which
increases almost linearly as tH increases.
The boiling temperature tb has only a weak e�ect on

the optimal mass ¯ow rate ratio, as shown in Fig. 9.
The contact area allocated to the boiling section
decreases gradually as tb increases, and vanishes when

tb reaches the critical temperature. At this point, more
than 80% of the heat transfer area is devoted to super-
heating the water stream. The maximum second law

e�ciency increases monotonically as tb increases.
We continued the work with water by relaxing the

assumption that the overall heat transfer coe�cient
has the same value in all three sections of the heat
exchanger, Eq. (37). Guided by the well-known orders

of magnitude of the heat transfer coe�cient in various
heat transfer regimes [4], we expected Ub > Us and

Uw > Us, and considered several cases in the range

1 R Ub/Us R 100 and 1 R Uw/Us R 10. The results

shown in Fig. 10 indicate that the optimal ¯ow rate
ratio and the maximum second law e�ciency are rela-

tively insensitive to how the overall heat transfer coe�-

cient varies along the heat exchanger. Changes are felt
in the relative lengths of the three sections, as shown

in Fig. 11. As expected, the boiling section ( yopt)

becomes shorter as Ub increases. The superheating and

boiling sections (xopt, yopt) increase, and the water pre-
heating section decreases in size, as Uw increases rela-

Fig. 7. The e�ect of the water inlet temperature on the ther-

modynamic optimum, and on the allocation of heat transfer

area.

Fig. 8. The e�ect of the hot-gas inlet temperature on the ther-

modynamic optimum, and on the allocation of heat transfer

area.

Fig. 9. The e�ect of the boiling temperature on the thermo-

dynamic optimum, and on the allocation of heat transfer

area.
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tive to Us. Taken together, these results show that the

thermodynamic optimum (Mopt, ZII,max) is robust rela-
tive to spatial variations in the overall heat transfer
coe�cient.

5. Numerical method

The numerical work consisted of solving the non-

linear system of Eqs. (2), (8), (13), (17)±(22) with the
objective of maximizing ZII. The second law e�ciency
was determined for a set of ®xed parameters: N, tH,
tb, t1, M, Ub/Us and Uw/Us. The system was solved in
two steps: (i) by analytical substitution, after which
Eqs. (2), (8) and (13) delivered x=f1(t2), y=f2(t2) and
(1ÿxÿy )=f3(t2), respectively, and (ii) by invoking the

total surface constraint (1),

F�t2� � f3�t2� ÿ �1ÿ f1�t2� ÿ f2�t2�� �39�

and seeking F(t2)=0. This equation was solved nu-

merically for t2, from which the remaining variables

were determined (x, y, t3, t4, tout, Es, Ew, Eb).
The maximization of ZII was executed using a

Fortran code based on combined secant, Newton±

Raphson and bisection methods coupled with a search

approach for appropriate initial guesses [5]. The toler-

ance vF(t2)v R 10ÿ6 was imposed in order to achieve

convergence in all the solutions. The maximization was

performed for variable M and ®xed parameters (N, tH,
tb, t1, Ub/Us, Uw/Us). The M range for water on the

cold side was 0.01 R M R 0.5. The range for toluene

(Section 6) was 0.01 R M R 1. The chosen discretiz-

ation was the coarsest set for which the optimal M

value did not change as the sets became ®ner, while

the relative error was maintained below 1% in all the

cases.

Fig. 10. Di�erent overall heat transfer coe�cients for the

three sections of the heat exchanger, and their e�ect on the

thermodynamic optimum.
Fig. 11. The e�ect of the overall heat transfer coe�cients on

the relative allocation of contact area.
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6. Results for toluene as the cold stream

In this section we document the e�ect of changing
the working ¯uid, by considering the use of toluene

instead of water. Now the heat transfer is from the
same hot stream as before (exhaust gases, modeled as
an ideal gas) to the toluene stream (working ¯uid).

Toluene is an organic Rankine cycle (ORC) working
¯uid proposed for the space station power conversion

unit [6]. Although organic ¯uids undergo chemical
changes (pyrolytic degradation) when heated to suf-
®ciently high temperatures, in the space station study

[6] the predicted degradation of the working ¯uid
inventory was 1% over the 30-year life of the mission.
The choice of toluene as working ¯uid was based on a

detailed comparison with regard to cycle e�ciency,
thermal degradation, chemical and ¯uid ¯ow proper-

ties, ¯ammability, toxicity, experience and availability.
Organic ¯uids reach actual Rankine cycle operating
conditions because they undergo phase change at high

temperatures, and at pressures much lower than in the
case of water.

Since in the unit built and described in Ref. [6] the
heating of toluene was at supercritical operating con-
ditions, in this phase of our study we investigated two

cases: subcritical and supercritical conditions. In both
cases we ®xed the cold inlet temperature at T1=507 K
(t1=1.7). The inlet temperature of the hot gas was

TH=745 K (tH=2.5). The assumed subcritical pressure
was PH=34 bar (500 psia), which corresponds to the

boiling temperature Tb=578 K. The assumed super-
critical pressure was PH=40.8 bar (600 psia). The criti-
cal point of toluene is Pc=40.6 bar (592.8 psia) and

Tc=592 K. The supercritical unit built in Ref. [6] had
PH=41.8 bar (614 psia) measured at the working ¯uid
outlet. In the numerical work described next, the tolu-

ene properties were obtained from available tabulated
data as follows: superheated vapor [6], saturation

region [7], speci®c heat of liquid [8,9] and speci®c heat
of vapor [10].
Fig. 12 shows that thermodynamic optima exist in

the two toluene cases that we considered. The maxi-
mized second law e�ciency of the supercritical case is
considerably higher than in the subcritical case. Both

maxima are distinct, stressing the importance of pin-
pointing the optimal ¯ow rate of toluene. This result is

particularly important in space propulsion, where the
minimization of thermodynamic losses subject to
weight and volume constraints is crucial. No matter

how complicated the actual power plant design might
be, the fundamental optimum revealed by Fig. 12 is
present, and is worth pursuing.

The e�ect of the total size of the contact area is
documented for the subcritical case in Fig. 13. This

®gure is similar to Fig. 6 drawn for water. The ef-
®ciency increases monotonically as N increases, how-

ever the increase in ZII,max is slow when N is greater

than ®ve. The optimal ¯ow rate ratio exhibits a shal-
low maximum at ZII,max. The area fraction swept by
liquid toluene (Aw, or 1ÿxoptÿyopt) has a shallow

maximum at ZII,max. The area fraction for boiling (Ab,
yopt) decreases as N increases, while the area fraction
for superheating (As, xopt) decreases.

7. Concluding remarks

The main conclusion of this study is that the extrac-
tion of power from a hot stream can be maximized by

Fig. 12. The maximization of the second law e�ciency when

the heated stream carries toluene.

Fig. 13. The e�ect of the size of the heat transfer area on the

thermodynamic optimum with toluene on the cold side of the

heat exchanger.
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properly matching the stream with a receiving stream
of cold ¯uid, across a ®nite-size heat transfer area.

Proper matching means using a counter¯ow arrange-
ment where the capacity rate of the cold stream must
have a certain value relative to that of the given hot

stream (e.g., Fig. 4). This thermodynamic optimum
can be located based on the minimization of the total
rate of entropy generation subject to the ®nite-area

constraint.
When the cold stream evaporates as it captures a

part of the hot-stream exergy, its side of the heat

exchanger is divided optimally into three sections:
liquid preheating, boiling, and vapor superheating
(e.g., Fig. 3). These sections adjust themselves to their
proper relative sizes as the system approaches the glo-

bal thermodynamic optimum.
Important from a practical standpoint is that this

optimization principle of matching the streams is gen-

eral. We showed that the optimal match (Mopt) can be
located when using either water or toluene on the cold
side. We also showed that several of the operating par-

ameters of each design have only a minor impact on
the thermodynamic optimum, for example, the size of
the heat transfer area (Fig. 6), the inlet temperature of

the cold stream (Fig. 7), and the boiling temperature
(Fig. 9). These weak e�ects lend robustness to the opti-
mal design.
This optimization principle can be used widely in the

conceptual design of power and refrigeration systems.
In Figs. 1 and 2 we chose the simplest setting in which
this principle can be demonstrated and pursued. We

analyzed the optimal match between two streams,
where the colder one undergoes a phase change. This
is the case in most power plant design, e.g., Rankine

cycle designs. The fundamental problem addressed in
this paper is also relevant to more complex designs,
such as cogeneration systems, binary cycles, trigener-
ation systems, and heat recovery boilers.

We focused on the counter¯ow arrangement (Fig. 2)
because this arrangement is optimal thermodynami-
cally [2,11]. Other arrangements, such as parallel ¯ow

and cross-¯ow can be analyzed based on the same
method, and in each case an optimal match is to be
discovered between the two streams. The limit in

which phase change does not occur on the cold side is
covered by the fundamental solution reported by Bejan
and Errera [11].

In the present method the pressure drops were
neglected for the sake of simplicity. Furthermore, the
heat exchanger e�ectiveness (its maximization) was not
the objective, which is why the e�ectiveness was not

included in the ®gures with the numerical results. The

maximization of the extraction of exergy from the hot
stream was the objective.

We reported results for M < 1 because we discov-
ered that in our cases the optima are located in this
range. Other applications may require searches over

wider ranges of capacity ¯ow rate ratios.
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